Abstract. We associate with any simplicial complex K and any integer m a system of linear equations and inequalities. If K has a simplicial embedding in R m then the system has an integer solution. This result extends the work of I. Novik (2000) .
Introduction
In general, it is difficult to prove for a simplicial complex K that it does not have a simplicial embedding (or not even a simplicial immersion) into R m . For example, the question whether any neighborly simplicial surface on n ≥ 12 vertices can be realized in R 3 leads to problems of this type. Specifically, Amos Altshuler [2] has enumerated that there are 59 combinatorial types of neighborly simplicial 2-manifolds of genus 6. Bokowski & Guedes de Oliveira [4] have employed oriented matroid enumeration methods to show that one specific instance, number 54 from Altshuler's list, does not have a simplicial embedding ; the other 58 cases were shown not to have simplicial embeddings only recently by L. Schewe [10] .
For piecewise linear non-embeddability proofs there is a classical set-up via obstruction classes, due to Shapiro [11] and Wu [12] . In 2000, I. Novik [9] has refined these obstructions for simplicial embeddability: She showed that if a simplicial embedding of K in R m exists, then a certain polytope in the cochain space C m (K 2 ∆ ; R) must contain an integral point. Thus, infeasibility of a certain integer program might prove that a complex K has no geometric realization.
In the following, we present Novik's approach (cf. parts 1 and 4 of Theorem 5.4) in a reorganized way, so that we can work out more details, which allow us to sharpen some inequalities defining the polytope in C m (K 2) and to express linking numbers (cf. Theorem 5.4.3b), which are intersection numbers of cycles and empty simplices of K (which are present in S and therefore need no extra treatment.) Using the extensions based on linking numbers we can show for a first example (Brehm's triangulated Möbius strip [5] ) that it is not simplicially embeddable in R 3 .
A Quick Walk-Through
Let K be a finite (abstract) simplicial complex on the vertex set V , and fix a geometric realization |K| in some Euclidean space. Further let f : V → R m be any general position map (that is, such that any m + 1 points from V are mapped to affinely independent points in R m ). Any such general position map extends affinely on every simplex to a simplicial map f : |K| → R m which we also denote by f . Such a simplicial map is a special case of a piecewise linear map.
Every piecewise linear general position map f defines an intersection cocycle
Here K 2 ∆ denotes the deleted product complex, which consists of all faces σ 1 × σ 2 of the product K × K such that σ 1 and σ 2 are disjoint simplices (in K). As the deleted product is a polytopal complex we have the usual notions of homology and cohomology. For a detailed treatment of the deleted product complex we refer to [8] .
The values of the intersection cocycle are given by
where I denotes the signed intersection number of the oriented simplicial chains f (σ 1 ) and f (σ 2 ) of complementary dimensions in R m . These intersection numbers (and thus the values of the intersection cocycle) have the following key properties:
1. In the case of a simplicial map, all values (−1) dim σ1 I f (σ 1 ), f (σ 2 ) are ±1 or 0. (In the greater generality of piecewise linear general position maps f : K → R m , as considered by Shapiro and by Wu, I f (σ 1 ), f (σ 2 ) is an integer.) 2. If f is an embedding, then I f (σ 1 ), f (σ 2 ) = 0 holds for any two disjoint simplices σ 1 , σ 2 ∈ K. 3. In the case of the "cyclic map" which maps V to the monomial curve of order m (the "moment curve"), the coefficients (−1)
The intersection cocycle is of interest since it defines a cohomology class Φ K = [ϕ f ] that does not depend on the specific map f . Thus, if some piecewise linear map f is an embedding, then Φ K is zero.
But a simplicial embedding is a special case of a piecewise linear embedding. So the information Φ K is not strong enough to establish simplicial nonembeddability for complexes that admit a piecewise linear embedding -such as, for example, orientable closed surfaces in R 3 . According to Novik we should therefore study the specific coboundaries δλ f,c that establish equivalence between different intersection cocycles.
So, Novik's Ansatz is to consider
where
is an integral vector, representing the intersection cocycle of a hypothetical embedding f :
is an integral vector, whose coefficients ϕ c (σ 1 ×σ 2 ) are known explicitly, representing the intersection cochain of the cyclic map c : K → R m , • δ is a known integral matrix with entries from {1, −1, 0} that represents the coboundary map δ :
, and finally
is an integral vector, representing the deformation cochain, whose coefficients are determined by f and c, via
where h f,c (x, t) = tf (x) + (1 − t)c(x) interpolates between f and c, for t ∈ I := [0, 1]. Thus if K has a simplicial embedding, then the linear system (2) in the unknown vector λ f,g has an integral solution. Moreover, Novik derived explicit bounds on the coefficients of λ f,g , that is, on the signed intersection numbers between the parametrised surfaces h f,g (τ 1 × I) and h f,g (τ 2 × I).
The intersection cocycles and deformation cochains induced by the general position maps f, g : V → R m on different simplicial complexes K andK on the same vertex set V coincide on K 2 ∆ ∩K 2 ∆ . They are projections of the same intersection cocycle or deformation cochain on S 2 ∆ , where S denotes the full face lattice of the simplex with vertex set V . We therefore investigate these largest cochains and get Novik's results back as well as some stronger results even in the original setting; see Theorem 4.9 and Remark 4.10.
In the following, we • derive the validity of the basic equation (2) , in Section 3, • examine deformation cochains induced by general position maps on the vertex set in Section 4, and • exhibit an obstruction system to geometric realizability in Section 5. Furthermore, in Section 6 we discuss subsystems and report about computational results.
Obstruction Theory
We state and prove the results of this section for simplicial maps only. They hold in the more general framework of piecewise linear maps as well. For proofs and further details in this general setting we refer to Wu [12] . 
Now we use intersection numbers to associate a cocycle to each general position map.
Lemma and Definition 3.3. Let f : N → R m be a general position map. The cochain defined by
is a cocycle. It is called the intersection cocycle of f .
The intersection cocycle has the following symmetries. For every m-cell σ 1 × σ 2 , with dim σ 1 = k and dim σ 2 = ℓ,
Remark 3.4. Wu calls this cocycle imbedding cocyle [12, p.183] . If f is a piecewise linear embedding, then ϕ f = 0. When we look at simplicial maps we even have an equivalence: A simplicial map f is an embedding of K if and only if the intersection cocycle is 0. So ϕ f measures the deviation of f from a geometric realization. This makes the intersection cocycle quite powerful.
Intersections of Parametrized Surfaces
In this section we sort out definitions, fix orientations and establish the fundamental relation in Proposition 3.7 (cf. [12, pp. 180 and 183]). Wu uses a simplicial homology between two different piecewise linear maps to establish the independence of the homology class of the particular piecewise linear map. We use a straight line homotopy instead.
Necessary Conditions for Geometric Realizability of Simplicial Complexes 5
Definition 3.5. Let U ⊂ R k and V ⊂ R ℓ be sets that are closures of their interiors and ϕ : U → R m and ψ : V → R m smooth parametrized surfaces. The surfaces ϕ and ψ intersect transversally at p = ϕ(α) = ψ(β) with α ∈
In other words k + ℓ = m and the vectors
In this situation the index of intersection of ϕ and ψ in p is defined by
The surfaces ϕ and ψ are in general position if they intersect transversally only. In particular there are no intersections at the boundary. Surfaces in general position intersect in finitely many points only and the intersection number is defined by
We also write I ϕ(U ), ψ(V ) for I(ϕ, ψ) when we want to emphasize the fact that the images intersect.
We now give parametrizations of simplices so that the two definitions coincide. 
induces the orientation corresponding to the increasing order of the indices. Now consider two simplices σ = conv{σ 0 , . . . , σ k } and τ = conv{τ 0 , . . . , τ ℓ }. If {σ 0 , . . . , σ k , τ 0 , . . . , τ ℓ } is in general position then also ϕ σ and ϕ τ are in general position. Let σ and τ intersect in
Then we have by a straightforward calculation:
In the following we use the parametrization ϕ |J| ×id that induces the product orientation on |J| × R. Definition 3.6. Let f, g : N → R m be two general position maps such that
Proposition 3.7. The cohomology class of ϕ f is independent of the general position map f : For two general position maps f and g we have
Therefore the cohomology class
In the following we omit the index f, g from λ f,g and h f,g . We get the boundary of h(σ × [0, 1]) by taking the boundary first and then applying h. The intersections h(∂σ
as well but no new intersections occur. Then we have
The deformation cochain has symmetries as well:
Proof.
Remark 3.9. Intersection cocycle and deformation cochain can also be defined for piecewise linear general position maps maintaining the same properties [12] . So the cohomology class
where f : |K| → R m is any piecewise linear map, only serves as an obstruction to piecewise linear embeddability. It cannot distinguish between piecewise linear embeddability and geometric realizability.
Distinguishing between Simplicial Maps and P.L. Maps
In this paragraph we collect properties of deformation cochains between simplicial maps that do not necessarily hold for deformation cochains between arbitrary piecewise linear maps. The values of the intersection cocycles ϕ f , ϕ g and the deformation cochain λ f,g of two simplicial maps f and g depend only on the values that f and g take on the vertex set N of the complex in question. The complex itself determines the products σ × τ on which λ f,g may be evaluated. So we examine what values these cochains take on C m−1 (S 2 ∆ ), where S denotes the m-skeleton of the N -simplex. In Section 5 we derive further properties for the case that we deform into a geometric realization.
Linking Numbers
The next two conditions follow from the estimates in Lemma 4.2 on the intersection numbers ϕ f . Proposition 4.3. Let f , g be two general position maps of N into R m . Then
Proof. 
Then for every subset I ⊂ m the map h| ∆I ×[0,1] represents the homotopy of ∆ I into conv{d i | i ∈ I}, moving all points along straight line segments to corresponding points, i.e. it is a ruled m-dimensional surface. We call an eigenvalue of a square matrix general if it is simple, its eigenvector v has no vanishing components, and v i = 0. This technical condition characterizes the situation where all pairs of ruled surfaces defined by disjoint subsets of the vertex set are transversal.
We begin by characterizing intersection points of pairs of surfaces in terms of eigenvalues of D. 
that is,
with i∈I+ α i = j∈I− β j = 1, α i , β j > 0 for all i ∈ I + , j ∈ I − . Because of t = 0 and e 0 = d 0 = 0 we can rewrite this as
Therefore i∈I+ α i e i + j∈I− (−β j )e j is an eigenvector of D with eigenvalue 1 − 
is an intersection point of the two simplices h(∆ I u 
that is, the total number of intersection points of pairs of surfaces of the form h(∆ I × R) and h(∆ m \I × R) can not exceed m − ℓ. 
For checking transversality as well as for the index of intersection at (p, t) we examine
where the first k derivatives are calculated at (α i1 , . . . , α i k , t) and the last m − k at (β i k+2 , . . . , β im , t). We therefore get
.
β ij e ij is also an eigenvector of D − E with eigenvalue 1 t . Subtracting the last column from the (k + 1)st and using Laplace expansion with respect to the last row we get
From (3) we have
) .
Now we examine the summands of the last expression of D in three groups. In the first case, j < k + 1, we have v ij = α ij . We substitute α ij d
By an analogous calculation the second case, j > k + 1, yields
For the remaining term, j = k, we use the same procedure on each of the summands after the first step and evaluate the telescope sum in the last step. Thus we get:
So in every single case we have Figure 2 . A characteristic polynomial with simple negative roots
To complete the calculation we insert these results into (4):
, . . . , e ij , . . . , d 
For every subset S ⊂ P we have
As a special case we have for every individual pair {I + , I − } ∈ P the estimates
These are the products of simplices with vertices in J that we may insert into the deformation cochain. 
So we immediately get equation (8) from Corollary 4.6 and equations (9) and (10) from Corollary 4.8. 
Geometric Realizability and beyond
Up to now we have looked at arbitrary general position maps. In this section we compare a map with special properties such as a geometric realization with a reference map whose intersection cocycle can be easily computed.
The Reference Map
We start by defining our reference map:
Denote by c : N → R m the cyclic map which maps vertex i to the point c(i) = (i, i 2 , . . . i m ) t on the moment curve. 
Deformation Cochains of Geometric Realizations
If a simplicial maps defining the deformation cochain is a simplicial embedding, we know, that the images of certain simplices don't intersect. The following trivial observation about the coefficients of deformation cochains is the key to bring in the combinatorics of the complex K. 
Proof.
ϕ f (σ × τ ) = (−1) dim σ I f (σ), f (τ ) = 0.
Remark 5.3. The expression
is linear in the coefficients of the deformation cochain λ. So for every pair σ × τ of simplices of complementary dimensions with disjoint images we get a linear equation that is valid for the coefficients of λ f,g . This is particularly useful when we assume the existence of a geometric realization but can also be used to express geometric immersability. So we gather all information we have on the deformation cochain in our main Theorem: 
